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First recall the quadratic formula. If , then:

Now consider the formula for a conic section:

You can rewrite this to group terms of x like this:

Plugging the terms into the quadratic formula gives the following equation, which we’ll call G1(y):

Notice that the equation contains a square root that can be positive or negative. Let  be the equation with the positive root and let  be the equation with the negative root.
Now consider a second conic section defined by:

The equation for this conic section is:

Again define two equations  and  to represent this equation with the positive and negative square roots.
The two curves intersect where they have the same x and y values. In other words, those points have x coordinates where G1(x) = G2(x) or G1(x) – G2(x) = 0.
Considering all four combinations of positive and negative roots in the equations gives these four equations:
(1) 
(2) 
(3) 
(4) 
If you solve these four equations for x, you’ll find 0, 1, 2, or 4 points of intersections for the ellipses.
Note that some of the equations may contain square roots of negative numbers so they don’t have real solutions.
Note also that one of the equations might have more than one root. For example, in the picture on the right, the bottom of the red ellipse overlaps the top of the blue ellipse. If the red ellipse is ellipse 1, then the bottom of the red ellipse is generated by equation  and the top of the blue ellipse is generated by equation . that means both points of intersection are generated by the equation .
Unfortunately the four equations that define the points of intersection are really messy. For example, equation (1) is:

I don’t know of a closed-form solution to this equation, but all is not lost! You can use Newton’s method to find an approximation for the values of x that solve the equation.
To use Newton’s method to find the roots (zeros) of an equation, you need to find the derivative of that equation. The derivative of G1(x) is given by:

The derivative of the difference of two functions is the difference of the derivatives. For example. the following equation shows the derivative of equation (1).

Now you can use equations (1) through (4) and their derivatives to apply Newton’s method and look for roots.

